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Abstract
In the hyperbolic plane Möbius transformations can be characterized by Lambert quadrilaterals, i.e.,
a continuous bijection which maps Lambert quadrilaterals to Lambert quadrilaterals must be Möbius. In
this paper we generalize this result to the case of polygons with n sides having type A, that is, having
exactly two non-right interior angle.
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1. Introduction
Möbius transformations have many beautiful properties. For example, a map is Möbius if and
only if it preserves cross ratios. As for geometric aspect, circle-preserving is another important
characterization of Möbius transformations. There are well-known elementary proofs that if f is
a continuous injective map of the extended complex plane C¯ that maps circles into circles, then
f is Möbius.
In [4], Haruki and Rassias gave a new characterization of Möbius transformations by using
Apollonius quadrilaterals. The quadrilateral ABCD is said to be an Apollonius quadrilateral
if AB · CD = BC · DA holds, where AB denotes the length of the line segment joining A
and B . They proved that if f is meromorphic in C and if f sends Apollonius quadrilaterals to
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geometric analogues as characterizations of Möbius transformations.
In 2002, Beardon and Minda [2] noted that the absolute cross ratio of the four vertices of any
Apollonius quadrilateral equals 1. Furthermore, they showed that a map is Möbius if and only if
it preserves the absolute cross ratio k.
In [6] the authors considered the hyperbolic plane B2 = {z | |z| < 1} and presented a new char-
acterization of Möbius transformations on B2 by using a class of hyperbolic geometric objects
as follows:
Theorem A. Suppose f :B2 → B2 is a continuous bijection. Then f is Möbius if and only if f
preserves Lambert quadrilaterals.
According to [1], the Lambert quadrilateral is a hyperbolic quadrilateral which has exactly
three right interior angles.
In this paper we further generalize Theorem A in the hyperbolic plane. For the convenience,
we say a hyperbolic polygon with n sides has type A (respectively type B or type C) if it has
exactly two interior angles (respectively a unique angle or no angles) not equal to π2 . And cor-
respondingly, a map f : B2 → B2 has Property A (respectively Property B or Property C) if it
preserves n-polygons having type A (respectively type B or type C). Then we can state our main
theorem:
Theorem. Suppose f :B2 → B2 is a continuous bijection. Then f is Möbius if and only if f has
Property A for some n 3.
2. Proof of the theorem
We denote by a prime the image under f , by [A,B] the geodesic segment connecting A
and B , by AB the geodesic through A and B , by A1A2 · · ·An the hyperbolic polygon with
ordered vertices A1,A2, . . . ,An, and by  BAC the angle between [A,B] and [A,C].
First we introduce the following [1, Theorem 7.16.2] which plays important role in our proof:
Lemma 1. Let θ1, . . . , θn be any ordered n-tuple with 0  θj < (n − 2)π , j = 1, . . . , n. Then
there exists a polygon P with interior angles θ1, . . . , θn, occurring in this order around ∂P , if
and only if θ1 + · · · + θn < (n − 2)π .
As an application of Lemma 1, observe that there exists a n-polygon having type C if and only
if n 5.
In the left part we always assume that f :B2 → B2 is a continuous bijection.
Lemma 2. f is Möbius if and only if f has Property A for n = 3.
Proof. Suppose that f has Property A. Let ABC be a triangle with  BAC = π2 . If  A′B ′C′ = π2 ,
then for arbitrary point D ∈ [A,C] the triangle A′B ′D′ cannot be always a right triangle. This is
a contradiction to the right triangle ABD. Similarly,  A′C′B ′ = π2 . Thus f preserves the unique
vertex in a right triangle where the interior angle equals π2 . Now it is easy to see f must preserve
Lambert quadrilaterals and then be Möbius by Theorem A. 
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angle is not right.
Proof. Let A1A2 · · ·An be a polygon of type A. There exist two adjacent points where the
interior angle is right and is not, respectively. Then we may assume that  A2A1An = π2 and A1A2A3 = π2 . Claim that  A′2A′1A′n = π2 . Otherwise, if B ∈ A1An is a point such that A2B
is orthogonal to A1An, then  A′2B ′A′n = π2 . Obviously, BA2 · · ·An has type A and then so is
B ′A′2 · · ·A′n. Note that A′1A′2 · · ·A′n is also of type A. It follows easily that  B ′A′2A′3 = π2 and
then  A′1A′2A′3 = π2 . There are two cases:
Case 1. If  A1AnAn−1 = π2 , then we can prove  A′1A′nA′n−1 = π2 similar as above. Since
A′1A′2 · · ·A′n has type A, all the angles at the vertices other than A′2 and A′n are right. Thus for
the other vertex Ai such that  Ai−1AiAi+1 = π2 and  AiAi+1Ai+2 = π2 , we also obtain that A′iA′i+1A′i+2 = π2 . This is a contradiction.
Case 2. If  A1AnAn−1 = π2 , then there exists a point C ∈ [An,An−1], such that A1A2 · · ·
An−1C has type A, while it is easy to see A′1A′2 · · ·A′n−1C′ have at least three non-right interior
angles at A1,A2 and C. This finishes the proof. 
Lemma 4. For each n > 3, if f has Property A then f has Properties B and C.
Proof. Let A1A2 · · ·An be a polygon with the unique vertex at which the interior angle is not
right, say A1. Choose a point B ∈ [A2,A3] such that A1BA3 · · ·An has type A. Then all the
interior angles at A′3, · · · ,A′n are right by Lemma 3. Similarly, it follows that  A′1A′2A′3 = π2 by
constructing a polygon A1A2 · · ·An−1C of type A, where C ∈ [An−1,An]. Since  A2A1An = π2 ,
there exists a point D ∈ A1An such that  A2DAn = π2 . Obviously, DA2 · · ·An also has type A.
By using Lemma 3 again,  A′2D′A′n = π2 and then  A′2A′1A′n = π2 . Namely, f has Property B.
Similarly, we can prove f has Property C. 
Lemma 5. For each n > 3, if f has Property B then f preserves the unique vertex where the
interior angle is not right.
Proof. The proof is similar to that of Lemma 3. 
Proof of the theorem. The “only if” part is obvious because f is an isometry. Conversely, we
are done for the case n = 3 by Lemma 2.
For the case n = 4, let ABD be a right triangle with  BAD = π2 . There exists a point C such
that ABCD has type A. By Lemma 3,  B ′A′D′ = π2 and then f is Möbius by Lemma 2.
For the case n = 5, let ABFE be a Lambert quadrilateral, i.e., of type B. Suppose that
 ABF = π2 . Reflecting it in the side BF , we get a polygon of either type B or type C, de-
noted by ABCDE. Then so is A′B ′C′D′E′ by Lemma 4. It follows that  BAE =  AEF = π2
by Lemma 5. Similarly,  BFE = π2 if reflecting in the side AB . According to Lemma 1, ABFE
is also a Lambert quadrilateral. By Theorem A we deduce that f is Möbius.
For the case n  6, let A1A2An be a right triangle. Suppose that  A2A1An = π2 and A1A2An = θ . By Lemma 1 there exists a polygon A2A3 · · ·An−2B with ordered interior angles
π
2 − θ, π2 · · · π2 , θ correspondingly, where B ∈ A2An. Note that a polygon is convex. By reflect-
ing A2A3 · · ·An−1B in the geodesic A2An if necessary, we get a polygon A1A2 · · ·An−1An of
284 J. Liu / J. Math. Anal. Appl. 324 (2006) 281–284either type A or type B. Then so is its image under f by Lemma 4. Hence  A′2A′1A′n = π2 by
Lemmas 3 and 5, which deduce that f is Möbius by Lemma 2. 
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